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Abstract. The spectral eta function for certain families of Dirac operators on 
noncommutative 3-torus is considered and the regularity at zero is proved. By 
using variational techniques, we show that ??£)(0) is a conformal invariant. By 
studying the Laurent expansion at zero of TR(|D|“^), the conformal invariance 
of Cj^£j|(0) for noncommutative 3-torus is proved. Finally, for the coupled Dirac 
operator, a local formula for the variation dAVD+A{^) is derived which is the 
analogue of the so called induced Chern-Simons term in quantum field theory 
literature. 
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1. Introduction 

In this paper we study the variations of spectral zeta and eta functions C|£)| (z) = 
TR(|Z1|“^) and ??d(z) = TR(Z1|D|“^“^) associated to certain families of Dirac op¬ 
erators on noncommutative 3-torus. In the classical case the canonical trace TR 
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m provides a unified method of studying various spectral functions of elliptic oper¬ 
ators and their variations. Connes’ pseudodifferential calculus for noncommutative 
tori makes it possible to define a suitable notion of noncommutative canonical trace 
m, and translate some of the properties of the canonical trace on manifolds to 
noncommutative settings. Among these, a fundamental result is the explicit de¬ 
scription of the Laurent expansion at zero of the function TR(A(5“^) where A and 
Q are classical elliptic operators [37] . This result enables us to prove the regularity 
of riu{z) at z = 0, and also gives a local description for variations of 

rjuiO) and C[d|( 0)- particular, we show that rj^iO) is constant over the family 
and hence is a conformal invariant of noncommutative 3-torus. Also, 
using the local description for conformal variation of C[£i|(0)) prove that this 
quantity is a conformal invariant of noncommutative 3-torus. This paper is orga¬ 
nized as follows. In Section 2 we recall the definition of a spectral triple which 
is the basic ingredient in the definition of a noncommutative Riemannian space 
[12j . Our main example is the spin spectral triple for noncommutative tori and 
its conformal perturbation first proposed in [13 US). In Section 3 we give a brief 
review of Connes’ pseudodifferential calculus for noncommutative tori from [Tumi, 
and recall the extension of the Kontsevich-Vishik canonical trace to the setting of 
noncommutative tori from [19| . It should be mentioned that this is also done in 
[34| where one works with toroidal symbols instead of Connes’ symbols. 

In Section 4 we study the eta function associated to the Dirac operators of 
the conformally perturbed spectral triples (C°“(Tg),"H,and also to the 
coupled Dirac operator of the spectral triple (C°°(Tg), 71,0 +A). By exploiting the 
developed canonical trace, the regularity of the eta function at zero in above cases 
will be proved. Next, by using variational techniques we show that the value of 
the eta function at zero is constant over a conformally perturbed family. Also, by 
considering the spectral triple (C°°(Tg),'H,D) and the family Dt = D + tu*[D,u\ 
for a unitary element u G C°°(Tg), we relate the difference ?7 Di(0) — rjDoi^) to the 
spectral flow of the family Dt and give a local formula for index of the operator PuP. 
This is the analogue of the result of Getzler [26], in the case of noncommutative 
3-torus. 

In Section 5 we consider the spectral zeta function C|d|(- 2^) = TR(|D|“^) and 
study the conformal variation of the spectral value C[£)|(0) within the framework of 
the canonical trace. We show that for the noncommutative 3-torus this quantity is 
a conformal invariant. In even dimensions though, the conformal variation is not 
zero and hence conformal anomaly exists. Following [15] we give a local formula 
for the conformal variation of Ca( 0) case of noncommutative two torus. 

Finally, in section 6 we consider the coupled Dirac operator D + A and study the 
value Cd( 0) where Cd{z) = TR(D“^). Since the spectrum of D is extended along 
the real line, there is an ambiguity in the definition of the complex power D~^ 
and hence in the value Ci)(0)- In odd dimensions, this ambiguity can be expressed 
in terms of riD+A{^) and hence has a dependence on the coupled gauge field A. 
This dependence can be computed by a local formula and in physics literature it is 
usually referred to as the induced Chern-Simons term generated by the coupling of 
a massless fermion to a classical gauge field (cf. e.g. [6]). We give an analogue of 
this computation and the local formula in the case of noncommutative 3- torus. 

Conformal and complex geometry of noncommutative two tori were hrst studied 
in the seminal work of Connes and Tretkoff m where a Gauss-Bonnet theorem 
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was proved for a conformally perturbed metric (cf. [10] for a preliminary version). 
This result was extended in |21j where the Gauss-Bonnet theorem was proved for 
metrics in all translation invariant conformal structures. The problem of computing 
the scalar curvature of the curved noncommutative two torus was fully settled in 
m, and in [22], and in |23| [20] in the four dimensional case. Other works on the 
spectral geometry and heat kernel invariants of curved noncommutative tori include 
[UlMKlTlIIllEo]. The computation of the curvature of the determinant line bundle 
in the sense of Quillen for certain families of Dirac operators on noncommutative 
tori was carried out in m- 

We would like to thank Asghar Ghorbanpour for useful discussions on the subject 
of this paper. MK would like to thank the Hausdorff Institute in Bonn for its 
hospitality and support while this work was being completed. 


2. Noncommutative geometry framework 


In this section we recall the basic ingredients in the definition of a noncommu¬ 
tative geometry. Our main example is the spin spectral triple for noncommutative 
tori on which all the material in this paper is based. The data of a noncommutative 
Riemannian geometry is encoded in a spectral triple HU. 


Definition 2.1. A spectral triple {A, 'H, D) is given by an involutive unital (possibly 
noncommutative) algebra A, a representation tt : A —> on a Hilbert space H, 

and a self-adjoint densely defined operator D : Dom{D) C H, —> H with compact 
resolvent and the property that [D,'K{a)] is bounded for any a G A. 


A spectral triple {A,1-1,0) is called even if there exist a self-adjoint unitary 
operator T : H ^ H, such that aT = Ta, for a G A and DT = —TO. The operator 
r induces a grading H = ®'H~ with respect to which the Dirac operator is odd, 


D = 


0 

D+ 


D- 

0 


It can be shown that the triple S),lp), consisting of .4 = 

the algebra of smooth functions on a closed Riemannian spin manifold {M,g), and 
the spin Dirac operator ij) on the Hilbert space H — Lf{M,S) of L^-spinors sat¬ 
isfies the requirements of a spectral triple (cf. e.g. |29]b In even dimensions, 
the spinor bundle admits a grading and we have S = S'^ © S~ with respect to 
which the Dirac operator is odd. Therefore in even dimensions the spectral triple 
{C^{M),L^{M,S),lp) is even. 


2.1. Geometry of noncommutative tori. Let 0 G M„(K) be a skew symmetric 
matrix. The noncommutative n-torus (^(Tg,) is defined to be the universal C*- 
algebra generated by the unitaries Uk for k gIA and relations, 

Dfel//C/fe+/, k,lGlA. 

Gonsider the standard basis {ci} for K" and let Ui = I/e-. Then it follows that 

UkUi = 

where 9ki = 0(efe,e;). The smooth noncommutative n-torus C°°(Tq) is defined to 
be the Frechet subalgebra of elements with Schwartz coefficients in the Fourier 
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expansion, that is all the a G C°°{Tg) that can be written as 

a = ^ ttkUk, 
fcez" 

where {ofc} G 5(Z”). In fact, (^“(Tg) is a deformation of and consists of 

the smooth vectors under the periodic action of M" on C'(Tq) given by 

asiUk) = e^^-^Uk, s G K”, fc G Z”. 

The algebra C°°{T'q) is equipped with a tracial state given by 

t ( ^ apUp) = oq . 

pez” 

We also denote by 5p the analogues of the partial derivatives igfji on C“(T”) 
which are derivations on the algebra C“(T^) defined by 

5p{Uk) = kpUk. 

These derivations have the following property 

5p{a*) = -{dpaf, 

and also satisfy the integration by parts formula 

T{a5pb) = -T{{S^a)b), a, b G 

By GNS construction one gets the Hilbert space Hr on which C°°{Tg) is rep¬ 
resented by left multiplication which will be denoted by 7 r(a) for a G C°°{T^). 
The spectral triple describing the noncommutative geometry of noncommutative 
n-torus consists of the algebra , the Hilbert space % = 'Hr ® , where 

N = with the inner product on Hr given by 

(a, 5)^ = T{b*a), 

and the representation of C°°{T'g) given by tt 0 1. 

The Dirac operator is 

D = $-=dp® 7^, 

where dp = Sp, seen as an unbounded self-adjoint operator on Hr and y'^s are 
Clifford (Gamma) matrices in M]s[{C) satisfying the relation 

Yjj + = 2S^Hn. 

In 3—dimension the Clifford matrices are given by the Pauli spin matrices. 


0 

ll 

1 , 

0 

—i 

1 . 

'1 

01 

1 

0 

II 

\ 

i 

0 

c 

II 

0 

- 1 

1 


Consider the chirality matrix 

7=H)V---7”, 

where n = 2m or 2m -I-1. It is seen that 7 • 7 = 1, and 7 anti-commutes with every 

[n/2] 

7 ^ for n even. The operator T = 107 on 7^ = Hr Cdefines a grading on H 
and for even n one has 

TD = -DT. 

Therefore {C°°{Tg),H, D) is an even spectral triple for n even. 
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2.2. Real structure. 


Definition 2.2. A real structure on a spectral triple {A, 71,0) is an anti-unitary 
operator J :% such J{DomD) C DomD, and [a, Jb*J~^] = 0 for all a,b & A. 
We say {A, 77,0) is of KO-dimension n if the operator J satisfies the following 
commutation relations 


where the 


= el, JD = e'DJ, JT = e"TJ, 
depend on n G Zs according to the following table: 


n 

0 

1 

2 

3 

4 

5 

6 

7 

e 

1 

1 

-1 

-1 

-1 

-1 

1 

1 

e' 

1 

-1 

1 

1 

1 

-1 

1 

1 

e" 

1 


-1 


1 


-1 



Note that the real structure operator switches left action to right action. More 
precisely, Since A commutes with JAJ* the real structure gives a representation 
of the opposite algebra A°^ by b° = Jb*J* and turns the Hilbert space 77 into an 
A—bimodule by 

aipb = aJb* a, 6 G A, tp G 77. 

Example 2.1. The spectral triples {C°^{Tg),77 — (g) C^,D) for N = 

are all equipped with real structure. The real structure operator J : Hr ® —>■ 

Hr 0 is given by 

J = Jo® Co, 

where Jq is the Tomita conjugation map associated to the GNS Hilbert space Hr 
given by 

Joia) = a*, aG C“(T^) 

and Co is the charge conjugation operator on (cf. e.g. [25] )• For N = 2 we 
have 

0 —Jo 
“ [jo 0 ■ 

Jq = 1 for all n-mod 8, so by extending the Hilbert space Hr and coupling Jq with 
Co one can check that the resulting operator J satisfies the requirements for a real 
structure (see [29]). 

2.3. The coupled Dirac operator. In this section We consider the spectral 
triples obtained by coupling (twisting) the Dirac operator by a gauge potential. 
We begin by recalling the construction in commutative case. 

Consider a compact Riemannian spin manifold (M, g) with the spin Dirac op¬ 
erator D : LJ{S) —>■ LJ{S) on spinors. Let C —>■ M be a Hermitian vector bundle 
equipped with a compatible connection Then one constructs the coupled 

(twisted) spinor bundle S ® V ^ M with the extended Clifford action 

7r(a;).(V’ ® f ) = (w.V’) ® /, 

where 7r(w) is a section of the Clifford bundle over M represented on the space 
of spinors and ip and / are sections of spinor bundle and the vector bundle V 
respectively. Also, the vector bundle S' ® U is equipped with the coupled (twisted) 
spin connection 

(g) 1-h 1 ® V^, 
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where V"® is the spin connection on S. This connection gives rise to the coupled 
Dirac operator D-^v acting on the sections oi S ^ V. When is a trivial vector 
bundle, the connection can be globally written as = d + A where A is a 
matrix of one forms (vector potential) and an easy computation shows that 

Da = D + tt{A). 

The above construction can be generalized to the setting of spectral triples. 
Starting with a spectral triple {A^T-L, D), one can construct a new spectral triple 
+ A) by adding a gauge potential to the Dirac operator, this corresponds 
to picking a trivial projective module over the algebra A. 

More precisely, A is a self-adjoint element of 

n\) = |^a°[D,a]], a] e A 

In fact, is the image inside B{'H) of the noncommutative 1-forms on A under 
the induced map 

TT : a°da^ —s> a^[D,a^]. 

Below, we explicitly write down the coupled Dirac operator for the spectral triple 
{C^{Tg),'H,D + A). First note that for any element a = ^kUk in C°°(Tg) 

we have, 

[D,a] = dg,{a) ( 87 '^. 

Any A G r2^(C°°(Tg)) is of the form A = o,idbi where Qi, bi are in C°°{T'g) and 
we have 

7r(A) = ^ a^dfj,{bi) 0 7 ^. 
i 

We denote the elements ^ ■ aidg,bi by and hence, 

7r(A) = 

also self adjointness of A gives A* = A^. Therefore, the coupled Dirac operator is 
given by 

D-t A = ^-h4, 

where again by Feynman slash notation ^ = A^ 0 7 ^. 

3. Elliptic theory on noncommutative tori 

Our aim in this section is to recall the extension of the Kontsevich-Vishik canoni¬ 
cal trace to the setting of noncommutative tori from |19j . Alternatively, this is also 
done in |34j where they work with toroidal symbols instead of Connes’ symbols. 
We begin by a brief review of the basics of Connes’ pseudodifferential calculus for 
noncommutative tori from [mile]. 

3.1. Matrix pseudodifferential calculus on C°°{Tg). We shall use the multi¬ 
index notation a = (ai,..,a„), Oi > 0 , |a| = Oi -I- ... -I- a\ = ai!...a„!, 
and 

Definition 3.1. A matrix valued symbol of order m on noncommutative n—torus 
is a smooth map 

cr : R" ^ 0 Ma,(C), 



6 


such that 


and there exists a smooth map k : R" \ {0} —> C°°{Tg) ® M^-iC) such that 
lim A-™a(ACi, A 6 , XU = ^( 6 , 6 , Cn). 

A—>-00 

We denote the symbols of order m by S^{C°°{Tg))- 

A matrix pseudodifferential operator associated with a S 5'"((7“(Tg)) is the 
operator : C^(T^) ® ^ ® U defined by 

Ac{a) = f f e“*®'^cr(C)Q;s(a)dsd^, 

Jr'^ Jr'^ 

where ttg is the extended action of R" on C°°{T'^) 0 C'^. 

Two symbols cr, a' G 5'"(C'°°(Tg)) are considered equivalent if a—a' G )) 

for all TO. The equivalence of the symbols will be denoted by cr ~ cr'. We denote the 
collection of pseudodifferential operators by rI'*(C°°(Tg)). The order gives a nat¬ 
ural hltration on rI'*(C°°(Tg)) and the following proposition [16] gives an explicit 
formula for the symbol of the product of pseudodifferential operators as operators 
on 'H modulo the above equivalence relation. 

Proposition 3.1. Let P and Q be pseudodifferential operators with the symbols 
a and cr' respectively. The product PQ is a pseudodifferential operator with the 
following symbol, 

^' a! 

CL 

□ 


Definition 3.2. A symbol a G 5’"(C'°°(Tg)) is called elliptic if cr{f) is invertible 
for f 0, and for some c 

for large enough |^|. 

Example 3.1. Consider the Dirac operator of the spectral triple (C°“(Tg), "Hi- ( 8 )C^,D = $), 

$ = — >'Ht® 'Hr- 


The symbol reads 

Ca Cl - U 

Cl +*6 -Ca J’ 

which is clearly elliptic. 


ct(^)(C) =Cm®7^ = 


A smooth map a : R" —>■ (^“(Tg) C) Mn{C) is called a classical symbol of 
order a G C if for any L and each 0 < j < L there exist <Ja-j : R"\{0} —>■ 
0 Mjv(C) positive homogeneous of degree a — j, and a symbol tr^ G 
5*^(“)-^-i(C'°°(T^)), such that 

L 

(1) cr(C) = + 0-^(0 CeR”- 

1=0 

Here x is a smooth cut off function on R" which is equal to zero on a small ball 
around the origin, and is equal to one outside the unit ball. The homogeneous 


7 




terms in the expansion are uniquely determined by a. The set of classical symbols 
of order a on noncommutative n-torus will be denoted by 5“;(C“(Tg)). 

The analogue of the Wodzicki residue for classical pseudodifferential operators 
on the noncommutative n-torus is defined in |24) . 

Definition 3.3. The noncommutative residue of a classical pseudodifferential op¬ 
erator Act is defined as 

Wres(ACT) = r (res(ACT)), 
where res(ACT) := i|«|=i tva-n{C)d£,- 

It is evident from the definition that noncommutative residue vanishes on differ¬ 
ential operators, operators of order < —n as well as non-integer order operators 


3.2. The canonical trace. In what follows, we recall the analogue of Kontsevich- 
Vishik canonical trace m on non-integer order pseudodifferential operators on 
the noncommutative tori from m- For an alternative approach based on toroidal 
noncommutative symbols see [34) . For a thorough review of the theory in the 
classical case we refer to [31113H] ■ 

The existence of the so called cut-off integral for classical noncommutative sym¬ 
bols is established in [T9] . 


Proposition 3.2. Let a € 5“j(C°°(Tg)) and B{R) be the ball of radius R around 
the origin. One has the following asymptotic expansion 



a(£,)d^ 


OO 

^ -b/3((T)logi? +c(ct). 


where j3{a) = ^-ni^df, and the constant term in the expansion, c(a), is given 

by 






E 

j—0,a—j+n^0 


1 

a — j + n 



aa-j{uj)duj. 


Here we have used the notation of m- 


Definition 3.4. The cut-off integral of a symbol a £ (Tg)) is defined to be 

the constant term in the above asymptotic expansion, and we denote it by^cr{f)d^. 


Now the canonical trace of a classical pseudodifferential operator of non-integer 
order on C°°(Tg) is defined as follows [T^ : 

Definition 3.5. The canonical trace of a classical pseudodifferential operator A of 
non-integral order a is defined as 

TR(A) = T trcrA(^)d^ 

The relation between the TR-functional and the usual trace on trace-class pseu¬ 
dodifferential operators is established in m- Note that any pseudodifferential 
operator A of order less that —n is a trace class operator and its trace is given by 

Tr(A) = r ( f tTap{^)d^ 

\JR^ 



The symbol of such operators is integrable and we have 

( 3 ) = [ cTAiOdC 

J JR" 

Therefore, the TR-functional and operator trace coincide on classical pseudodiffer¬ 
ential operators of order less than —n. 

The TR-functional is in fact the analytic continuation of the operator trace and 
using this fact we can prove that it is actually a trace. 

Definition 3.6. A family of symbols a{z) S )), parametrized by z € 

W C C, is called a holomorphic family if 

i) The map z i—>■ a{z) is holomorphic. 

ii) The map z i—>■ a{z) G is a holomorphic map from W to the 

Frechet space 5ci(C'°°(Tg)). 

hi) The map z i—>■ cF(z)a{z)-j holomorphic for any j, where 

(4) a{zm e 

3 

iv) The bounds of the asymptotic expansion of cr(z) are locally uniform with 
respect to z, i.e, for any L > 1 and compact subset K C W, there exists a 
constant CL.K,a,p such that for all multi-indices a, ft we have 

A family {A^} G 'I'ci(C'°°(Tg)) is called holomorphic if A^ = ^cr( 2 ) for a holo¬ 
morphic family of symbols {a(z)}. 

Complex powers of elliptic operators are an important class of holomorphic fam¬ 
ilies. Let Q G 4'^;(C'°“(Tg)) be a positive elliptic pseudodifferential operator of 
order q > 0. The complex power of such an operator, QJ, for 5R(2;) < 0 can be 
defined by the following Cauchy integral formula. 

( 5 ) = KiQ-^r"dX. 

'J C(j, 

Here AJ is the complex power with branch cut = {re'^^,r > 0} and is a 
contour around the spectrum of Q such that 

n spec((5)\{0} = 0, L^nc^ = 0, 
n {spec(CT(Q)^(^)), ^ 0} = 0. 

Remark 3.1. More generally, an operator for which one can find a ray with the 
above property, is called an admissible operator with the spectral cut and its 
complex power can be defined as above. Self-adjoint elliptic operators are admissible 

(see [551 [T^ l. 

The following Proposition is the analogue of the result of Kontsevich and Vishik 
m. for pseudodifferential calculus on noncommutative tori. 
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Proposition 3.3. Given a holomorphic family a{z) G z &W CL 

the map 

z ^ j-a{z){£,)df, 

is meromorphic with at most simple poles located in 

P = {zq G W ; a{zo) G Z fl [—n, +oo]} . 


The residues at poles are given by 


Res, 


la{z){^)df = - [ a{zo)-ndC 

J a'{zo) 


Proof By definition, one can write a{z) = J2j=o + and 

by Proposition (13.21) we have, 

la{z){f,)d^= [ a{z)^{0df + J2 f x(6o'(2)a(^)-j(0 


i=o 


-E 


f^o + ” - J 


'lCI=i 


/B(l) 

cr{z)aiz)-j{Od£,- 


Now suppose a(zo) + n — jo = 0. By holomorphicity of cr{z), we have a(z) —q;(zo) = 
a'{zo)(z — zo) + o(z — zq). Hence 

Resz^zo fcr{z) = I a{zo)-n{Od^- 

J a (2oj J|f|=i 


□ 


Corollary 3.1. The functional TR is the analytic continuation of the ordinary 
trace on trace-class pseudodifferential operators. 

Proof. First observe that, by the above result, for a non-integer order holomorphic 
family of symbols (j{z), the map z ^a(z)(^)df is holomorphic. Hence, the map 
(7 ^ cr(^)df is the unique analytic continuation of the map cr /ju„ a{f)df from 

5<"”(C'°°(T”)) to 5|^(C~(T^)). By dS]) we have the result. □ 

Corollary 3.2. Let A G '^fi{C°°{Tg)) be of order a G Z and let Q be a positive 
elliptic classical pseudodifferential operator of positive order q. We have 

ReSz=oTR(AQ-^) = iwres(H). 

q 

Proof. For the holomorphic family a{z) = a{AQ~^), z = 0 is a pole for the map 
z ^ a(z)(f )d^ whose residue is given by 

Res„„ 

Taking r-trace on both sides gives the result. □ 

Now we can prove the trace property of TR-functional. 

Proposition 3.4. We have TR(HH) = TR(HH) for any A,Bg 
provided that ord[A) -\- ord[B) ^ Z. 
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Proof. Consider the families {A^} and {B^} such that Aq ^ A, Bq ^ B , ord(Az) = 
ord(A) + z and ord(i?z) = ord(i3) + z. For z G W = — (ord(A) + ord(i3)) + Z the 
families {AzBz} and {B^Az} have non-integer order . For 5R(z) <C 0, the two 
familes are trace-class and Ti{AzBz) = Tr{BzAz). now by analytic continuation 
we have TR{AzBz) = TR{BzAz), for z G C — W. Putting z = 0 gives TR{AB) = 
TR{BA). □ 


Remark 3.2. The above result provides another proof for the trace property of 
the non-commutative residue on given in [53], namely, for A,Bg 

'kS(C-(T2)), 

Wres([^,R]) = 0. 


On can write, 


Wres([^,R]) = Res,=oTR([A, R]Q-") = Res,=oTR(C',) + Res,=oTR([AQ-", Rj), 

where Cz = ABQ~^ — AQ~^B. For Re{z) ^ 0, the operator AQ~^ is trace- 
class and Av(\AQ~^, B\) = 0, so by analytic continuation,TR([AQ“^, Rj) = 0 and 
therefore, Res 2 =oTR-([^, = Res 2 =oTR'(C'z)- Finally, Co = ABQ^ — AQ^B G 

^-oo(^oo(t2))^ so 

Wres([A, R]) = ReSz=oTR(Cz) = Wres(Co) = 0, 

where in the last equality we used the fact that the noncommutative residue of a 
smoothing operator is zero. 


3.3. Log-polyhomogeneous symbols. In general, z-derivatives of a classical holo- 
morphic family of symbols are not classical anymore and therefore we introduce 
log-polyhomogeneous symbols which include the z-derivatives of the symbols of the 
holomorphic family a{AQ~^). 


Definition 3.7. A symbol a is called a log-polyhomogeneous symbol if it has the 
following form 

OO 

(6) cr(C) --log'ICI 1^1 > 0 , 

j >0 1=0 

with aa-j^i positively homogeneous in ^ of degree a — j. 


An important example of an operator with such a symbol is log Q where Q G 
'I'®;(C°°(Tg)) is a positive elliptic pseudodifferential operator of order q > 0. The 
logarithm of Q can be defined by 


log Q = Q — 
dz 


2 = 0 


Q"-' = Q:r 

dz 


2 = 0 




It is a pseudodifferential operator with symbol 


(7) 


cr(logQ) 



where * denotes the product of symbols. One can show that © is a log-polyhomogeneous 
symbol of the form 


o-(logQ)(C) = 9log|^|/ + crc;(logQ)(0, 

where cTcJ (log Q) is a classical symbol of order zero (see [36]1. 

By adapting the proof of Theorem 1.13 in [38] to the noncommutative case, we 
have the following theorem for the family a-{AQ~^). 


11 





Proposition 3.5. Let A G 'I'“j(C'“(Tg)) and Q he a positive (or more generally, 
an admissible) elliptic pseudodifferential operator of positive order q. If a G P then 
z = 0 is a possible simple pole for the function z i—>■ TR(A(5~^) with the following 
Laurent expansion around zero, 


TR(>1Q-^) = iwres(A)i 

q z 

+ T - ires(Alog(5)^ - Tr(AnQ) 

k^l 

X (t (7{A{\ogQ)’')d^ - ^^ res(A(logQ)^+^) 

+ o{z^). 

Where IIq is the projection on the kernel of Q. 


-Tr(Alog'= QHq) 


□ 


Remark 3.3. The term res(Alog(3) appearing in above Laurent expansion is an 
extension of Wodzicki residue density to operators with Log-polyhomogeneous sym¬ 
bols [33]. For an operator P with log-polyhomogeneous symbol, by res(P) we mean, 


(see dH)). 


res(P) = [ a-n,o{Odi^ 

J\i\=i 


4. The spectral eta function 

In this section we study the eta function associated with the family of spectral 
triples {C°°{Tl),'H,e*^De*^) where h G C°°(T^) is a self-adjoint element [it], and 
also the coupled spectral triple (C°“(Tg),P, P -\- A). By exploiting the developed 
pseudodifferential calculus, the regularity of the eta function at zero in above cases 
will be proved. 

4.1. Regularity at zero. The spectral eta function was first introduced in [1] 
where its value at zero appeared as a correction term in the Atiyah-Patodi-Singer 
index theorem for manifolds with boundary. It is defined as 

Pd{z)= Y. sgn(A)|Ar^=TR(P|Pr^-i), 

AGspec(Z>) 

where Zl is a self-adjoint elliptic pseudodifferential operator. Unlike the spectral 
zeta functions for positive elliptic operators, proving the regularity of eta function 
at zero is difficult. This was proved in [2] and m using K-theoretic arguments and 
in |5] , Bismut and Freed gave an analytic proof of the regularity at zero of the eta 
function for a twisted Dirac operator on an odd dimensional spin manifold. 

Remark 4.1. Note that for an even spectral triple {A, H, D) we have DT = —TD, 
therefore the spectrum of the Dirac operator is symmetric and poiz) is identically 
zero. Also the same vanishing happens if the spectral triple admits a real structure 
with KO-dimensions 1 or 5 (see definition 12.211 . 
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The meromorphic structure of eta function for Dirac operator can be studied by 
the pole structure of the canonical trace for holomorphic families. 

Proposition 4.1. Let D be an elliptic self-adjoint first-order differential operator 
on C°°(Tg). The poles of the eta function rjoiz) are located among {3 — i, i G N}, 
and 

^es^^oVoiz) = Wres(Z)|D|“^). 

Proof. By using the result of ProDOsition l3.31 the family {cr {D\D\ ^ ^)} has poles 
within the set {z; —z £ Z fl [—3, oo]} oi {z = 3 — i,i G N}. Also, by ProDOsition l3.5l 
we have 

r]D{z) = TR [D\D\~^~^) = Wres(D|D|“^)i + uq + aiz H-, 

Hence, 

R.es 2 =o??D(- 2 ) = Wres(D|D|“^). 

□ 

We now prove the regularity at z = 0 of eta function for the 1-parameter family 
for the spectral triple (C°°(Tg), Ht ® C^, D = 7 ^) on noncommu- 

tative 3-torus. 

Proposition 4.2. Consider the family of operators \e*^De^^\ on TLr ® where 
h = h* G C°“(T3), then 

R.es^=o?7 Qth jy^th ( 2 ^) — 0. 

Proof. By definition, potiz) = Using Proposition 14.II we have 

Res2=o??Dt (-z) = Wres(AlAr^), 

where the right hand side is the Wodzicki residue on noncommutative 3-torus. 

Now for each element of the family Dt = e^De^, Dj = e^ De*^De^ and 
\Dt \ = \/l^. By using the product formula for the symbols we have, 

( 8 ) cr(A) ~ (g) y'"-f e^(5^(e^) 0 7 ^, 

and 

cr{D^) = a{e^De*'^De^) ® 

+ ^Ae^^^(e^)y^y'" -f ^i,e^5\{e^) ® y^y^ 

-I- e^5\{e*^)5^{e^) ® y^y^ -I- e^5\5^{e^) ® y'^y'^. 


To compute the homogeneous terms in the symbol of |ilt|, we observe that \Dt\ = 
\/Df and hence, 

O'(IAI) = \J(z{Dl) - cri(^) -h cro(C) + O--l(0 + ■ ■ ■ • 


(9) 
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We compute the first three terms, which we need for computing the symbol of 


k—¥oo lx 

aoiO = lim cr(|A|)(fcO - kai{^) 

k—^oo 




^-liO = lim 

k—¥oo 


2Ve 

{a{\Dt\){k^) - ai{^) - ao{^)) 


U-1 


2\/e 


(^e^Sxie^’^)d^ie^)) e"*'* 0 7V + ^ [e^SxS^ie"-^)) ® 7V 


(6e^<5^(e^)) e"*'* (g) 

(^A*e^( 5 A(e^)) e"*'^ (Ci^e^(5p(e^)) (g) 7V7V 

(Cpe^(5A(e^)) e-*'^ (Cpe^5,.(e^)) (g) 


where we have used the notation ^ = X]fe=o ^fe- 

Now by using the relation |_Dt|“^|Z?i| = 1 and by recursive computation we find 
the homogeneous terms in the symbol of the inverse, 

(10) ct(|A|-') - a_i(|A|-')(0 + a_2(|A|-')(C) + • • • , 

where, 

u_i(|A|-')(?) = ^e-‘"®J, 


a_2(|A|-')(0 = 

-a_i(|Ar'){ao(|A|)a_i(|A|-') 

ai+Q:2+a3 = l 

a_3{|A|-')(e) = 


-a_i(|A|-'){(a_i(|A|)a_i(|A|-')+ao(|A|)a_2(|A|-') 


+ E 

ai+a2+o;3=2 


, \ ai (| |^^u_ i (| /?* | - ^) 

ai!a2'a3! 


ai+Q:2+a3 = l 
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-a_i(|Ar'){^-2(|A|y-i(|Ar') + a_i(|A|)a_2(|Ar') + ao(|A|)a_3(|Ar') 

1 


+ E 

Q:i+Q;2+a3 = l 

+ E 

ai+Q;2+Q;3 = l 

+ E 

ai+Q;2+Q;3 = l 

+ E 

ai+Q2+a3=2 

+ E 

ai+a2+a3=2 

+ E 

ai+Q:2+a3=3 


CXl lcX2 

asl 

1 


CXl lcX2 

asl 

1 


CXl lcX2 

asl 

1 


CXi lcX2 

asl 

1 


CXi lcX2 

as'. 

1 


CXi lcX2 

as'. 


dg^ dg^ aoi\Dt\)S^^S^^S^^a.2i\Dt\-g 

dg^ dg^ dg^ a_ 1 (I I )<5“i <5“^ <5“^ a_ 1 (I I -1) 

dg^ dg^ <Ji{\Dt\)6^^ 5“^ 5“=^ a.3{\Dt\-g 

dg^ C C 

dg^ dg^ 5“/ CTi (I I 5“^ 5“=^ <J-2{\Dt\-g 

dg^ dg^ 5“/ ai (I I) 5“^“=^ a_ 1 (I I -1)}. 


Therefore, the symbol of a{Dt\Dt\ reads 

aiDt\Dt\-g ~ (aiiDt) + ao(A)) * {a-ii\Dt\-g + a-sdAp^) + a-adApP + • • •) 

^ (cti(A) * CT-ld-Dtl ^)) + (cti(A) * cr_2d A| ^)) 

+ ((Ti(Z)t) * cr_3dZ)t| ^)) + (cri(A) * 0’-4d-Dt| ^)) + ' ’' 

+ (o'o(-Dt) * cr_idZ)d ^)) + (cro(A) * cr_2d-Dt| ^)) + (cto(A) * CT-ad A| ^))+'''- 


For 0 = 1,0 and b = —1, —2, —3. • • •, one has 

aPA) *^P|APP = V ^5|'aPA)<5“fTP|ApP, 

cx 

and each term is of order a — |a| + 6. By collecting the terms of order —3 we obtain, 

a_3(A|ApP - (oi(A)a_4dApP) + (ao(A)a_3dApP) 

+ ( E dg^dg^dg^a,{Dt)S^^6r6r^-3i\Dt\-g] 

\Qi+a2+a3 = l / 

\Q:i+a2+Q:3=2 / 

+ ( E dg^dg^dg^ao{Dt)Srsrsr'^-2{\Dt\-^)] 

\ai+a2+a3 = l / 


n ^ 

\ai+Q:2+Q:3=2 


1 


q;i !Q;2!<a3! 


C^2“^P“V _1 (|i?d-p 


Now, one should notice that Wodzicki residue of a matrix pseudodifferential op¬ 
erator involves a trace taken over the matrix coefficients. By analyzing the terms 
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involved in (7-^{Dt\Dt\~^) and using the trace identities for gamma matrices (cf. 
e.g. |25]1. we see that the only contribution is from the the terms whose matrix 
coefficient consist of either one 7 matrix or product of three. Next, we use the 
following identities, 

(11) tr(7^) = 0, 

(12) tr(7^7'^7'^) = fo^^^tr(/). 


where is the Levi-Civita symbol. By observing that 


we conclude that 


= 0 , 


(13) 


Wres(AlAr^) 



tr (res(Ilt 



= 0 . 


□ 


Remark 4.2. In Bismut-Freed showed that in fact, for a twisted Dirac op¬ 
erator on a Riemannian Spin manifold, the local eta-residue, tr (res^, 
vanishes. The above and the following results confirm the same vanishing in the 
noncommutative case C°“(Tg). 

The following result proves the regularity at zero of eta function for the coupled 
Dirac operator D -\- A on C°“(Tg). 

Proposition 4.3. Consider the coupled Dirac operator $ -V A on T-Lt ® over 
C°°(Tg), then 

ReSz^or]D+A{z) = 0 . 

Proof. The coupled Dirac operator D and are given by 
D = 

= d^dx (g) 7^7^ -f ( 9 ^(Aa) (g) 7''7^ + ® + A^^Ax (g) 


Note that d^Ax{a) = d^{Ax)a -I- Axd^(a) and also A^^Ax A ^x-^u- Hence, 

(g) + d^,{Ax) ® + A^Ax ® 7''7^, 

where d^{A\) in the third term above is a multiplication operator. The symbols 
are: 


o'(^) =i + A, 


and 


cr(D2) = -t 2A^£^x ® + d^{Ax) ® + A^Ax ® 

where (g) I. Now, 

cr(|D|) = yJsA ® 7''7'^ + 9^{Ax) ^ + A^^Ax ® 7'"7^ 

~ cri(C + 0 - 0 (C) +cr_i(^) H-, 
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where 


o'i(0 = 



o'-i(C) = {d^{Ax) ® 7 ^ 7 ^ + A^Ax ® 

By using cr(|-D|) *ct(|£>|“^) ~ 1 and by recursive computation, we get: 


^-2{\D\-^) = 

0 I U{\D\)a.^{\D\-^) + ^ dl^dl^dl^a,{\D\)Sr6rsr'^-ii\D\-^) 

V > \ Q:i+a 2 +a 3 = l 


=- 7^® I 

Ve 


M 1 



M 

eVe' 




-^0 I{a-,{\D\)a-,{\D\-^) + a,{\D\)a-,{\D\-^) 

Q:i+a2+Q:3 = l 

Q:i+a2+Q:3 = l 




Q:i+a2+Q:3=2 


0 / 




\Ve'eVe 

(g) + 


+ 91(vE®/).<5'( 
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a.,i\D\-^) = ® I{a.2{\D\)a.,{\D\-^) + a.^{\D\)a.,{\D\-^) 

+ aoi\D\)a.s{\D\-^) 

+ E dl^dl^dl^a.^{\D\)Sr6rsr<^-ii\D\-^) 

ai+a2+Q:3 = l 

+ E di^di^di^aom)srsrsr<^-2m-^) 

ai+a2+Q:3 = l 

Oci-\-OC2-\-OC3—2 

+ E di^di^di^a^{\D\)6r6rsr<^-3m-^) 

ai+a2+Q:3 = l 


01 + 02 + 0 : 3=2 

+ E 

ai+a2+Q:3=3 

1 


(y.\ 10:2 •Q;3! 

1 

Q.I lct2 io^s! 


qo3 Q 02 Q03^^ [\ D \) 5 T 5 rsr <^- im -^)} 


Ve 




Q:i+Q;2+Q;3 = 1 

ai+a2+Q:3 = l 


01 + 02 + 03=2 


Therefore the symbol of ct(-D|-D| reads 


aiD\D\-^) ^ (aiiD) + aop)) * {a.ii\D\-^) + a.2i\D\-^) + a-sdi^l"^) + • • •) 

~ {a,{D)+a.,i\D\-^)) + {a^{D) + a.^ilDr^)) 

+ {ai{D) + a.3i\D\-^)) + {ai{D) + a.4i\D\-^)) +■■■ 

+ (aoiD) + a-ii\D\-^)) + (aop) * a-2i\D\-^)) + (aop) * a- 3 {\D\-^)) +■■■ . 


For 0 = 1,0 and b = —1, —2, —3. • • •, one has 


aa(i^) = V ^d^aa{D)6‘^ab{\D\-^), 

a\ ^ 

a 
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and each term is of order a — |a| + b. By collecting the terms of order —3 we get 


a.3{D\D\-^) ^ {a^{D)a.^{\D\-^)) + {ao{D)a.s{\D\-^)) 

\ai+a2+Q3 = l / 


E 

^ai+Q'2+Q;3=2 


q;i!q:2!q:3! 


gai gg2 ga,(|^| -1) 


\ai+Q'2+Q;3 = l 


-l^ 


+ 


E 

^ai+Q'2+Q;3=2 


1 


Q;i!Q;2!ck3! 


. 


Since cro(D) has no ^ dependence, the last two terms vanish and therefore we have: 

a.3(D\Dr^) ^ (a^(D)a.4(\Dr^)} + (ao(D)a.3(\Dr^}) 


\ai+a2+a3 = l / 


n ^ 

\ai+a2+CK3=2 


q;i!q;2!q;3! 


d^;dg^dg^cT,(D)d^^S^^S^^cT.2(\Dr^) ■ 


Finally, similar to the proof of Proposition (14.2F one observes that the matrix 
coefficients of all terms in a-^{D\D\~^) consist of either one 7 matrix or product of 
three 7 matrices. Again, by using the similar trace identities of 7 matrices identities 
we obtain. 


Wres(^) = r (resp|f4|-i)) = r tT{a.^)d^ 


= 0 . 


□ 


4.2. Conformal invariance of 7 d(0 ). In this section we study the variations 
of rjoiO) for the spectral triple (C“(Tg), "H, D = $). We consider the conformal 
variation of the Dirac operator and show that 7 d( 0 ) will remain unchanged. 

Consider the commutative spectral triple {C°°{M), L‘^{M, S)g, Dg) encoding the 
data of a closed n-dimensional spin Riemannian manifold with the spin Dirac op¬ 
erator on the space of spinors. By varying g within its conformal class, we consider 
g = k~‘^g for some A: = > 0 in C°°{M). The volume form for the perturbed 

metric is given by dvol^ = /c“"dvolg and one has a unitary isomorphism 

U ■L^{M,S)g^ L^{M,S)g 


by 


U{ip) = 


It can be shown that (cf. [30]) Dg = fc 2 


Dgk- 
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. + 1 


and hence 






U*DgU = k ^ {k ^ Dgk 2 )fc2 = y/kDgy/k. 

The above property of the Dirac operator is usually referred to as being con¬ 
formally covariant. It is a known fact that 77 d( 0) for a Dirac operator on an odd 
dimensional manifold is a conformal invariant [T] , i.e. it is invariant under the con¬ 
formal changes of the metric. In a more general context, in mi [31] and mi, by 
using variational techniques it was shown that for a coformally covariant self-adjoint 
differential operator A, rjAiO) is a conformal invariant. 

In the framework of noncommutative geometry, conformal perturbation of the 
metric is implemented by changing the volume form |10] . namely, by fixing a pos¬ 
itive element k = for h* = h in C°“(Tg), one constructs the following positive 
functional 

VJfc(a) = T{ak~'^). 

By normalizing the above functional one obtains a state which we denote by ^p. 
The state (p defines an inner product 

{a,h)^ = p{h*a) a,6GC°°(T^) 

and hence one obtains a Hilbert space by GNS construction. The algebra 
C°°{Tg) acts unitarilly on TL^ by left regular representation and the right multi¬ 
plication operator Ri^n /2 extends to a unitary map Uq : Hr —> Hg,. In fact one 
has, 

{Uoa, Uob)^ = p(]e^'^h*ak^l'^) = = r(&*a) = (a, h)^ . 

We put a = Hg, 0 C^, the action of ) on H is given by 

a —> a 0 1 


and the map 


U = Uq® I: H 


H 


is a unitary equivalence between the two Hilbert spaces. 
Now we consider the ooerator D — R n+i DR -n+i. 

k~^ k —2— 


Proposition 4.4. (C°° D) and{C°°(T^),H,R^DR^) are spectral triples, 

and the map U is a unitary equivalence between them. 


Proof. Note that left multiplication by an element a G C°°{Tg) commutes with 
right multiplication operators Rk^, Rk-^ and R./]: . Also the two norms coming 
from <, >g, and <, >r are equivalent. So both commutators [a, D] and [a, y/kDy/k] 
are bounded. The unitary equivalence easily follows from definition of U and D. □ 


In next step, we convert the right multiplications in R^DR^ to left multipli¬ 
cation using the real structure on noncommutative tori (see example 12.ip . It is 
easily seen that 

and 

JR^DR^J = \fkDy/k. 

Since y/kD'/k is iso-spectral to R^DR^ (being intertwined by J), the follow¬ 
ing definition is reasonable. 
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Definition 4.1. The conformal perturbation of the Dirac operator D is the T 
parameter family {C°° Dt), where 

Dt = h = h* € 

We need the following formula for variation of eta function. 

Lemma 4.1. Let {Dt} be a smooth Tparameter family of invertible self-adjoint 
elliptic operators of order d, then 

Proof. For k > 0 odd, riDk{z) = poikz), hence we can replace D by D’^ for k large 
enough. 

For d large enough, {D — A)“^ is trace class, so one can write 

= f X-^Tr{Dt-X)-^dX- f {-X)-^Tv{Dt - Xy^dX, 

where Fi and r 2 are appropriate contours around positive and negative eigenvalues 
of D. 

Now, 

4(a - A)-i = -{Dt - xy^DtiDt - xy\ 

at 

so 

Tr(^(A - A)-i) = -Tr(A(A - A)-^), 

therefore 

J^dAz) = ^Tr(A(^ -A-*Tr(A - Xy^dX + J^ (-A)-^Tr(A - Xy^dX)). 

Now, integration by parts in both integrals and the formula -^{Dt — A)“^ = {Dt — 
A)“^ gives the result. 

□ 

Remark 4.3. By applying the above lemma to the Dirac operator D on noncom- 
mutative 3-torus we get, 

ar7D(0)=[^ =\-zTR{dD\D\-\D^)=^) 

t=o Jz=o '■ -'^=° 

= -Wres(aD|D|-i). 

By the properties of Wodzicki residue, one sees that 77 ( 0 ) is constant under 
smoothing perturbations, so if ker(D) 0, on can replace I? by D -b 11 where 11 is 
the projection on the finite dimensional kernel of D and hence the result of above 
lemma still makes sense for an operator with nontrivial kernel. 

Proposition 4.5. Consider the spectral triple (C“(Tg), "H, D = 0), then rjoiO) is 
invariant under the conformal perturbations. 

Proof. Consider the 1-parameter family of operators 

Dt = e^De^, h = h* € C°°(T^). 

One computes 

= 2^hDt + Dth), 
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and 


dD = 2^hD + Dh). 

Therefore by trace property of noncommutative residue we get 

dr]{D,Q) = —WTes{hD\D\~^), 

and it is seen that 

Wres(/i-D|£)|“^) = r (tr(res(/iT>|-D|“^)) = r (tr(/i res(-D|D|“^)) . 

Now by looking at the symbols 

we get, 

Therefore, there is no homogeneous term of negative order in the symbol of a{D\D\~^) 
and hence. 


Wres(/iL>|£ir^) = 0. 


□ 


4.3. Spectral flow and odd local index formula. The value of eta function at 
zero is intimately related to another spectral quantity called the spectral flow. To 
motivate this relation, consider a family At ot N x N Hermitian matrices. The 
spectral flow of the family At is defined as the net number of the eigenvalues of At 
passing zero. It is easily seen that the difference of the signatures of the end points 
is related to the spectral flow of the family by, 

r]AM-VAo{0)=2SF{At). 

The spectral flow of a family of self adjoint elliptic operators At on manifolds can 
also be defined m) but the above equality holds along with a correction term (see 
[7] for a proof). 

Proposition 4.6. Let At be a self-adjoint family of elliptic operators of order a 
with Aq and Ai invertible, then 

(14) 


VAt (0) - rjAo (0) = 2SF{At) [ ^VAt {0)dt. 

a Jo dt 


□ 

It’s a remarkable fact due to Getzler ([26]) that the spectral flow of the family of 
operators Dt = D tg~^[D,g] interpolating D and g~^Dg for the Dirac operator 
D on an odd dimensional spin manifold and g G C°°{M,GL{N)) in fact gives the 
index of PgP where P = and F = D\D\~^ is the sign operator. Therefore one 
obtains a pairing between the odd K-theory and K-homology: 

(15) SF(A) = index(PgP). 

The above equality has been generalized to the framework of non commuta¬ 
tive index theory BM- Consider a spectral triple with sufficiently nice 

regularity properties and let u S ^ be a unitary element and [u] G K^{A) the 
corresponding class in K-theory. The sign operator F = gives the projection 
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P = and PuP is a Fredholm operator. For the family Dt = D + tu*[D,u] 
interpolating between D and u*Du one can show that (see [S] and [5]): 

(16) SF{Dt) = index(PuP). 

The odd local index formula of Connes-Moscovici in turn expresses the right side of 
the above equality as a pairing between the periodic cyclic cohomolgy and K-theory 
given by a local formula in the sense of non commutative geometry |13j . Note that 
for the spectral triple (C°“(Tg),"H, P = 0), by Proposition (14.31) . the eta function 
VDt (0) over the family of Dirac operators Dt = D + tu* \D, u] makes sense and with 
a minor modification of the proof of Proposition (14.611 in the commutative case we 
get, 

D d 

(17) Vu^DuiO) - = 2SF(A) - -iloMdt. 

Since u*Du and D have the same spectrum, we have 77 ^* _dii(0) = r/D(0) and there¬ 
fore we obtain obtain the following integrated local formula for the index: 

(18) index(PuP) = i ^ ^r/nA0)dt. 

5. Bosonic functional determinant and conformal anomaly 

Consider a positive elliptic differential operator ^ on a closed manifold M, the 
corresponding bosonic action is defined by 

Shos((/>) = ((/>,Aip), 

where 0 : M —> is a bosonic field living on M. Upon quantization, one constructs 

the partition function 

= J 

where [Dfj)] is a formal measure on the configuration of bosonic fields. The corre¬ 
sponding effective action is given by 

W = logZ. 

One should think of 2^bos formally as (detA)“ 5 . Through zeta regularization 
scheme (see e.g. i) one defines, 

(19) Z := 
and hence, 

(20) W = icA(0), 

where the spectral zeta function is defined by 

CA(^)=TR(kl-"), 

and we have dropped the dependence on the spectral cut Lg in definition of the 
complex power. Note that since A is a differential operator, by Proposition (13.5L 
Ca{z) is regular at z = 0 and Ca( 0) makes sense. 

Let D be the Dirac operator on a closed odd dimensional spin manifold, it’s 
a known fact that C[_d|( 0) is a conformal invariant (see [41] and [35]). We prove 
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the analogue of this result for the Dirac operator on noncommutative n-torus 
(C'“(T^), 'H,D = $) in odd dimensions. 

In even dimensions the conformal variation is not zero and hence conformal 
quantum anomaly exists. In dimension two, the Polyakov anomaly formula |39j 
gives a local expression for conformal anomaly of the Laplacian on a Riemann 
surface. Following |15] we derive an analogue of this formula for noncommutative 
2-torus using the formalism of canonical trace. 

For proving the conformal invariance of C[d|(0) on we will need to 

carefully analyze the coefficients in short time asymptotic of the trace of heat op- 

_a 7-^2 

erator e . 

Lemma 5.1. Consider the spectral triple {C°°(Tg),'H, D). One has the following 
asymptotic expansion 



t 0 


where coefficients at are computed by integrating local terms. 
Proof. We have, 



The operator e is again a pseudodifferential operator of order — oo whose sym¬ 


bol can be computed using the symbol product rules. For any A in the resolvent 
of (A — D^)~^ is a pseudodifferential operator of order —2 with symbol r{^,X) 
which can be written as its homogeneous parts r = ro -|- ri -|- • • •, with A) 
homogeneous of order —k — 2 in A) i.e. 


(21) rk{tf,t^\) = t ^ '^rk{f,X) Vt > 0 

The operator is also a pseudodifferential operator with the symbol eQ + ei + 

62-1 -where e„ S S~°° and are defined by 


( 22 ) 



t > 0 




The integrands ei{t,f)d£, are homogeneous in f. 
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In identity second identity we have used the change of variable tX = X' and = 

f- 

Hence we have 


(23) 

Jr- 

Where 


(24) 

Mx) = -;^ [ [ e~^ri{f,X)dXd£, 
J'y 

and hence 



Tr(e-*^") t ^ 0, 


i=0 


Where ai{D‘^) = T(tr(/3j)) □ 

Remark 5.1. The above asymptotic expansion holds for any self-adjoint elliptic 
differnetial operator A G 'I'*;(C'“(Tg)). In fact, one has 

OO 

Tr(e“*'^ ) ~ ^ ai{A‘^)t~^ t —>■ 0, 

i =0 

where a = ord{A). 

Remark 5.2. One also has the following asymptotic expansion 

OO 

Tr(ae“*^ ) ^ai{D'^, a)t^~ t —>• 0, 

i=0 

Where a £ C°°(Tg) is considered as a multiplication operator and 

ai(D^,a) = T(tr(a/3i)) 


in above computations. 

Next, we have the following variational result. 

Lemma 5.2. Let At he a 1-parameter family of positive elliptic differential opera¬ 
tors of fixed order a on noncommutaive n-torus, then 

Proof. By using the contour integral formula for the complex powers we have, 

= ^ ^ X-^TRiMX - At)-^)dX 

= TR (^At^J^x-^x-At)-^dX^ . 


Now using integration by parts formula gives the result. 


□ 
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Remark 5.3. Note that by above lemma we have: 


(25) 


dt 


CaM= -zTR{AtA-^A-^) =-Wves{AtA-^) 


J z=0 


and therefore, the value of zeta at zero is constant under smoothing perturbations 
and hence the above result makes sense for non invertible operators. 


We also need the following result relating the constant term in Laurent expansion 
of TR(A(5“^) around z = 0 to the constant term in the asymptotic expansion 
Tr(Ae“*‘3) at t = 0. Let f.p. TR(>lQ~^)l 2 =o denote the constant term in the 
Laurent expansion and also f.p. TT:[Ae~^^)\^_^ denote the constant term in the 
heat trace asymptotic near zero. We refer the reader to [3] for a proof of the 
following result in a more general form in commutative case. 

Lemma 5.3. Consider the differential operators A,Q G where Q is 

positive with positive order q. Then, 

(26) f.p. TR(AQ-^)|^^^ = f.p. Tr(Ae-‘«)|^^^ . 

□ 


Proposition 5.1. Consider the spectral triple (C°°D = $). The value 
C[d| (d) ® conformal invariant. 

Proof. It is enough to show that CaC^) foi' ^ is conformally invariant. By 

the Lemma (|5.2I) we have, 

dCA{z) = -zTR(aA • A-^A-^), 


so we have the following Laurent expansion around z = 0: 


d(Aiz) = -z + 00 + Oiz H- j . 

Therefore 

(27) 

5Ck(0) = ^ '9 Ca(^)L^o = -«o = -T (^^cr(aAA-i) - ^res{dAA-^ log A)^ . 
Consider the conformal perturbation of the Dirac operator, 

t h t h ^ 

Dt = e ^ De 2 h = h ^ Aq. 


An easy computation gives 






= ^£>2 + DhD + 


and therefore by inserting the above identity into (|27l) we get 

(28) 9Ca(0) = -2t - ^res(hlog A)^ = -2f.p. TR(/iA-^) 


2 = 0 ' 


Now using the Lemma (j5.3D we have 

(29) i9Ca( 0) = -2f.p. Tr(/ie“‘^)|^^g = -2a2p+i(/i, A) = -2T(tr(/i/32p+i)). 

By examining the proof of Lemma (ED, we see that a„ = 0 for odd n since the 
integrand involved is an odd function, hence the result is obtained. □ 
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In the following we give an analogue of Polyakov anomaly formula |39] for the 
spactral triple Note that although logdet(A) = —Ca( 0) is not 

loca3 (see Proposition (13.51) 1. the difference between logdetA^ of the conformally 
perturbed Laplacian and log detA can be given by a local formula. This is of course 
an example of the local nature of anomalies in quantum field theory. Here we only 
express this difference as an integrated anomaly and refer the reader to [15] for 
further computations and interpretation of the formula. 

Proposition 5.2. ( A conformal anomaly formula) Consider the spectral triple 
D = $), A = and where D = e^ Dei. The difference 

between logdetA^ of the conformally perturbed Laplacian and log detA can be given 
by a local formula: 

(30) logdet(A,j) -logdet(A) = - (Ca JO) - Ca(0)) = ~ 
where At = D^, D = e^De^. 

Proof. The proof follows from the Lemma (15.2|) and fundamental theorem of cal¬ 
culus along the family At- □ 

Remark 5.4. Note that, by using the similar argument used in derivation of the 
equations (l27)) and (l29)) we see that the integrand in equation (1^ is given by 

- 2a2(h, At) = -2 t (tr(h/32(At))). 

of course, computing the density tr(/32(At)) requires considerable amount of com¬ 
putations (see [H] and [22]L 


6. Fermionic functional determinant and the induced Chern-Simons 

TERM 


Consider a closed manifold M and the classical fermionic action defined by 

S'fer(V',-0) = if’, Dip), 

where ip and ip are fermion fields on M and D = is the Dirac operator . The 

fermionic partition function is given by 

Zte, = j e-^^‘^^^'^\vfp][ViP], 


where [Dip] and [Dip] are formal measures on the space of fermions. The partition 
function Z should be thought as the det(Z3). The one-loop fermionic effective action 
is defined as 


Similar to bosonic case, 
(see (13)): 


>V:=log(Z) =logdet(D). 

after choosing a spectral cut 0, by definition we have 


Cd(J = tr{d-^), 


^Roughly, it means that it can not be written as an integral of finite number of homogenous 
terms of the symbol of A. 

^ There are two choices of spectral cut for the Dirac operator: in upper or lower half plane 
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and hence one can define 


(31) >V = logdet(i^) :=-Co(0). 

Note that due to choice of a spectral cut, there is an ambiguity involved in above 
definition of one-loop effective action. Let Cd{z) and Cz)(-2^) be the spectral zeta 
functions corresponding to a choice of (/) in upper and lower half plane respectively, 
a quick computation shows that (cf. [40] 1 

- C^(^) = (1 - e-^nCUz) - (1 - 

and the measure of ambiguity in the effective action is given by 

(32) CL(0)' - (f,(0)' = z7rCL(0) + ^n>7n(0). 

In 2p -I-1 dimensions Ci)(0) = Cz)(0) = 0 and hence 

CI>(0)'-Cd( 0)' = i7rr/D(0). 

Therefore the ambiguity is given by the non local quantity 77 d (0) which also depends 
on the gauge field coupled to the Dirac operator. The measure of this dependence 
can be given by a local formula which in physics literature is referred to as the 
induced Chern-Simons term generated by the coupling of a massless fermion to a 
classical gauge field (cf. e.g. [B]). 

Here, we give an analogue of this local term for the coupled Dirac operator 
on noncommutative 3-torus. We consider the operator D = $ ^ on C°“(Tg) 

and compute the variation of the eta invariant rjD{Q) with respect to the vector 
potential. 

First we state the following lemma. The proof in commutative case also works 
in noncommutative setting with minor changes and we will not reproduce it here 
(see [37]). 

Lemma 6.1. In the asymptotic expansion of the heat kernel for a positive elliptic 
differential operator A G t[');;(C'°“(Tg)) of ord{A) = a, 

OO 

i=0 

one has 

res(H ) 

where k G and j3n-ak =0 if ak ^ Z. 

□ 

Consider the family Dt = ^ -|- ^^ on C°“(Tg). By performing the variation with 
respect to we have, 

(33) dD = -fi^dA^. 

For the family of Dirac operators {Dt}, a proof similar to the proof of Proposition 
(lOl) shows that rjUtiz) is regular at z = 0 and therefore along this family, 
makes sense. By using Lemma (ED we obtain: 

(34) ^77(0) = Wres {dD\D\-'^) = Wres {-i^dA^DA^) . 
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Now by using Lemma (lO) and the fact that 7 ^ 9^4^ is a zero order operator it 
follows that the variation of the eta invariant with respect to the gauge held is 
given by the following local formula, 

(35) 977z 3(0) =Wres(7^a^^|i?|-i) =r(tr(7^9^^/32)). 

References 

[ 1 ] M.F. Atiyah, V.K. Patodi, I.M. Singer. Spectral asymmetry and Riemannian geometry.I. 
Math. Proc. Cambridge Philos. Soc., Volume77:43-69, 1975. 

[2] M.F. Atiyah, V.K. Patodi, I.M. Singer. Spectral asymmetry and Riemannian geometry.III. 
Math. Proc. Cambridge Philos. Soc., Volume79:71-99, 1976. 

[3] N. Berline, E. Getzler, M. Vergne. Heat kernels and Dirac operators. Springer-Verlag, 
Grundlehren der Mathematischen Wissenschaften , 1992. 

[4] T. A. Bhuyain and M. Marcolli. The Ricci flow on noncommutative two-tori. Lett. Math. 
Phys., 101(2):173-194, 2012. 

[5] J.M. Bismut, D. Freed. The analysis of elliptic families. Comm. Math. Phys., 107: 103-163, 
1986. 

[6] A. A. Bytsenko, G. Cognola, E. Elizalde, Moretti. Analytic aspects of quantum flelds. World 
Scientific Publishing Co., Inc., River Edge, NJ, 2003. 

[7] A. Cardona, C. Ducourtioux, S. Paycha . From Tracial Anomalies to Anomalies in Quantum 
Field Theory. Comm. Math. Phys., 242: 31-65, 2003. 

[8] A. Carey, J. Phillips. Unbounded Fredholm modules and spectral flow. Canad. J. Math., 
50(4):673-718, 1998. 

[9] A. Carey, J. Phillips. Spectral flow in Fredholm modules, eta invariants and the JLO cocycle. 
K-Theory, 31(2):135-194, 2004. 

[10] P. Cohen, A. Connes. Conformal geometry of the irrational rotation algebra. Preprint of the 
MPI, Bonn. no. MPI/92-23, 1992. 

[11] A. Connes. C* algebres et geometrie differentielle. C. R. Acad. Sci. Paris Ser. A-B, 
290(13):A599-A604, 1980. 

[12] A. Connes. Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994. 

[13] A. Connes, H. Moscovici. The local index formula in noncommutative geometry. Geom. Fund. 
Anal, 5(2):174-243, 1995. 

[14] A. Connes, H. Moscovici. Type III and spectral triples. In Traces in number theory, geometry 
and quantum fields. 57-71, Aspects Math., E38, Vieweg, 2008. 

[15] A. Connes, H. Moscovici. Modular curvature for noncommutative two-tori. J. Amer. Math. 
Soc., 27(3):639-684, 2014. 

[16] A. Connes, P. Tretkoff. The Gauss-Bonnet theorem for the noncommutative two torus. In 
Noncommutative geometry, arithmetic, and related topics, pages 141—158. Johns Hopkins 
Univ. Press, Baltimore, MD, 2011. 

[17] L. Dabrowski, A. Sitarz, Curved noncommutative torus and Gauss-Bonnet, J. Math. Phys. 
54, 013518 (2013). 

[18] L. Dabrowski, A. Sitarz. Asymmetric noncommutative torus. arXiv:1406.4645 2014. 

[19] A. Fathi, A. Ghorbanpour, M. Khalkhali. The Curvature of the Determinant Line Bundle on 
the Noncommutative Two Torus. ArXiv e-prints, arXiv: 1410.0475 2014. 

[20] F. Fathizadeh. On the Scalar Curvature for the Noncommutative Four Torus. 
arXiv: 1410.8705 2014. 

[21] F. Fathizadeh, M. Khalkhali. The Gauss-Bonnet theorem for noncommutative two tori with 
a general conformal structure. J. Noncommut. Geom., 6(3):457—480, 2012. 

[22] F. Fathizadeh, M. Khalkhali. Scalar curvature for the noncommutative two torus. J. Non¬ 
commut. Geom., 7(4):1145-1183, 2013. 

[23] F. Fathizadeh, M. Khalkhali. Scalar curvature for noncommutative four-tori. J. Noncommut. 
Geom., To appear. 

[24] F. Fathizadeh, M. Wong. Noncommutative residues for pseudo-differential operators on 
the noncommutative two-torus. Journal of Pseudo-Differential Operators and Applications, 
2(3):289-302, 2011. 

[25] G.B. Folland. Quantum Field Theory: A Tourist Guide for Mathematicians. AMS, Mathe¬ 
matical Surveys and Monographs, 2008. 


29 


[26] E. Getzler. The odd Chern character in cyclic homology and spectral flow. Topology^ 
32(3):489-507, 1993. 

[27] P. B. Gilkey. The residue of the local eta function at the origin. Math. Ann., 240(2):183—189, 
1979. 

[28] P. B. Gilkey. Invariance theory, the heat equation, and the Atiyah-Singer index theorem. 
Volume 11 of Mathematics Lecture Series. Publish or Perish Inc., Wilmington, DE, 1984. 

[29] J.M. Gracia-Bondia, J. Varilly, H. Figueroa. Elements of noncommutative geometry. 
Birkhauser Advanced Texts: Basler Lehrbiicher, 2001. 

[30] N. Hitchin. Harmonic Spinors. Advances in Mathematics, 14(1):1 - 55, 1974. 

[31] M. Kontsevich, S. Vishik. Geometry of determinants of elliptic operators. In Functional anal¬ 
ysis on the eve of the 21st century, Vol. 1 (New Brunswick, NJ, 1993), volume 131 of Progr. 
Math., pages 173-197. Birkhauser Boston, Boston, MA, 1995. 

[32] M. Khalkhali and A. Moatadelro. A Riemann-Roch theorem for the noncommutative two 
torus. Journal of Geometry and Physics, 86(0):19 — 30, 2014. 

[33] M. Lesch. On the noncommutative residue for pseudodifferential operators with log- 
polyhomogeneous symbols. Ann. Global Anal. Geom., 17(2):151—187, 1999. 

[34] C. Levy, G. N. Jimnez, S. Paycha. The canonical trace and the noncommutative residue on 
the noncommutative torus. arXiv: 1303.0241 [math.AP], 2013. 

[35] T. Parker, S. Rosenberg. Invariants of conformal Laplacians. J. Differential Geom., 25:199- 
222, 1987. 

[36] S. Paycha. Regularised integrals, sums and traces. Volume 59, University Lecture Series. 
American Mathematical Society, Providence, RI, 2012. 

[37] S. Paycha, S. Rosenberg. Gonformal anomalies via canonical traces. In Analysis, geometry 
and topology of elliptic operators, pages 263-294. World Sci. Publ., Hackensack, NJ, 2006. 

[38] S. Paycha, S. Scott. A Laurent expansion for regularized integrals of holomorphic symbols. 
Geom. Funct. Anal, 17(2):491-536, 2007. 

[39] S. Polyakov. Quantum geometry of bosonic strings. Phys. Lett. B, 103:207-210, 1981. 

[40] R. Ponge. Spectral asymmetry, zeta functions, and the noncommutative residue. Internat. J. 
Math, 17(9): 1065-1090, 2006. 

[41] S. Rosenberg. The Determinant of a Conformally Covariant Operator. Journal of the London 
Mathematical Society,Volumes 2-36(3):553-568, 1987. 

[42] S. Scott. Traces and determinants of pseudodifferential operators. Oxford Mathematical 
Monographs. Oxford University Press, Oxford, 2010. 

[43] M. Wodzicki. Noncommutative residue. 1. Fundamentals. K-theory, Arithmetic and Geometry 
(Moscow, 1984-1986), Lecture Notes in Math., 1289, Springer, Berlin, 1987, p. 320-399. 


30 


